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Abstract
We derive all covariant and consistent divergence and commutator anoma-
lies of chiral QED
2
within the framework of canonical quantization of the
fermions. Further, we compute the time evolution of all occurring operators
and nd that all commutators evolve canonically. We comment on the rela-
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I. INTRODUCTION
Chiral gauge theories are anomalous when the fermions are quantized. These anomalies
have several, wellknown consequences. The divergence of the gauge current deviates from
its canonical value by a certain polynomial in the gauge eld (\anomaly") [1]- [4]. Further,
the commutators of charge densities [5] and of the generators of time-independent gauge
transformations (the \Gauss law operators") acquire anomalous contributions, too [6]- [8].
In addition, there exist two versions, namely the consistent and covariant ones, of both the
divergence and Gauss law commutator anomalies [9,4]. All these anomalies are determined
by geometrical or cohomological considerations [10]- [12].
However, whereas the complete Gauss law commutator is xed in this way, the situation





























), the zero com-
ponent of the chiral gauge current, acts on fermions (we have already restricted to our
two-dimensional, abelian model in (1)). The results for the commutators of the individual
components of G depend both on the computational scheme and on whether one is dealing
with the consistent or covariant case. Further, in most computations VEVs are computed
instead of the operator relations themselves (e.g. by the use of the BJL limit, or by co-
variantly regularized gauge current VEVs, or by a generalized point splitting method [13]-
[25]).
In this paper we shall follow a dierent approach, by using a method that was introduced
in [26,27] for the computation of the covariant anomaly. We shall construct the second quan-
tized fermionic operators in an external gauge eld both in the interaction and Heisenberg
pictures. This will enable us to compute the consistent and covariant divergence anomalies
and all the commutators of the Gauss law operator components. We shall nd that all
commutators evolve canonically under time evolution. Finally, we shall comment on the





)) acting on fermionic Fock states [28]- [31].
At rst sight, it might seem to be a strange idea to discuss consistent and covariant
anomalies for the simple model of chiral QED
2
, where both the consistent and covariant
anomalies are gauge invariant expressions, but, nevertheless, there is a dierence [26,27].




















































accounts for the possibility of adding local counterterms to the eective action,
and we choose C

symmetric, because only the symmetric part of C

will contribute to
VEVs upon functional dierentiation w.r.t. A

. We shall not assume C

to be Lorentz
covariant in general, as we want to relate to the canonical formalism where manifest Lorentz
1
covariance is absent. Setting C
























































The nonlocal kernel K

(x; y) is Bose symmetric, K

(x; y) = K

(y; x), because it was
derived as the functional derivative of an eective action; but hJ

cons:
(x)i is not invariant
















































which diers from (3) by a local polynomial (see (8)). Expression (4) is gauge invariant but
not Bose symmetric (i.e. it may not be obtained as the functional derivative of some eective










































which dier by a factor of 2 but are both given by the same gauge invariant expression.










(x) to the eective action












































(see (52)). On the other hand, the covariant current and anomaly are xed
by gauge invariance, as we shall see.












































Other choices (7) for the consistent current VEV change P







Althogether, we nd that the consistent current has to obey Bose symmetry, which is
the abelian version of the Wess-Zumino consistency condition [34], whereas the covariant
current is determined by gauge invariance, and there is no choice that obeys both Bose
symmetry and gauge invariance.
















































































































































































































Observe that in the Lagrangian and Hamiltonian no kinetic terms for the gauge eld occur,
i.e., we shall treat A

as an external eld throughout the article.






= B + [A;B] +
1
2!
[A; [A;B]] + : : : (17)
3
II. WHAT TO EXPECT
It is a wellknown fact that both divergence anomaly and anomalous Gauss law commuta-
tor may be derived { up to an overall constant { by cohomological methods via the so-called
descent equations. For the consistent anomaly this was done, e.g., in [10,11], and for the
covariant case in [12]. Here we want to review these results briey for d = 1+1 dimensions,
because they will tell us what to expect in the forthcoming computations.
All the two-dimensional anomalies and anomalous commutators may be derived from










where we deal with the general nonabelian case for the moment and the trace is in color
space. Here A and F = dA+A
2










(A+ v; F ) = Q
0
3


















and Gauss law commutator (Q
2
1
). However, this result is not unique. The cohomological












is the exterior derivative on group space that generates gauge transformations on
A; F and v [4]. As each Q
i
j
is only xed up to a total derivative, this, in turn, makes Q
i+1
j 1













= tr dvA : : : Q
2
1
= tr vdv (21)
where the two versions of Q
1
2
dier by a total derivative. In the abelian case all higher
powers of the one-forms A; v vanish, and we nd for the divergence anomaly A and Gauss
law commutator S










)  0 (22)
where S is ambiguous and cohomologically equivalent to zero.




(A+ v; F +Dv) = Q
0
3






































(a . . . color index, D
ab
. . . covariant derivative). In the abelian case this simplies to
f


















are uniquely xed by the requirement of gauge covariance.
4
III. DIRAC VACUUM, NORMAL ORDERING AND SCHWINGER TERMS
Next we should briey review the second quantization of the free theory. In this section





































. Here the b
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= 0 : : : k
1
< 0 (30)





































This normal ordering has the consequence of inducing the Schwinger term in the commutator















































































































At rst sight it seems that by a shift of the integration variable this expression can be made
equal to zero. However, the operators in (34) act on Fock states built out of the Dirac
vacuum, and a shift of k
1
is therefore in conict with the denition of the Dirac vacuum
(30) (i.e., the shift would mix Dirac annihilation and creation operators).
5
One possibility for the further evaluation of (34) is to rewrite it as its normal-ordered
version plus some remainder. In the normal-ordered expression the shift is legitimate, and




















Further possibilities for the evaluation of (34) are given e.g. in [26,39] and lead to the same


















an analogous result may be obtained (diering in sign from (36)), but as 	
 
is
noninteracting, it is unimportant in the sequel.
For the interacting, positive chirality sector we shall identify the normal-ordered current
NJ
+
with the consistent current (this identication will be justied in Section 5). One
immediate consequence is that NJ
+
cannot be gauge invariant (see Section 4).
Therefore, next we should nd a candidate for the covariant current. Precisely this was
done in [26] by introducing the concept of kinetic normal ordering, what we want to review
now.
The Dirac vacuum is introduced by splitting the fermionic Hilbert space into eigenstates
of the free Hamiltonian i@
1
with positive and negative energy. Instead, one could split into




with positive and negative kinetic
energy. These eigenvalues (the kinetic energy) are gauge invariant, measurable quantities,
and the corresponding kinetic normal ordering will indeed lead to gauge invariant operators
(see Section 4). So let us expand the free spinor 	
+





































































  ie(x)) is an eigenfunction














































































































































) implements the gauge transformation that
goes to Couloumb gauge A
1
= 0.




















































































where the last equality follows at once. Using it we nd for the kinetically normal ordered




































































(where we used the fact that NJ
+
(x) is a Heisenberg operator of the free theory in the rst







































































with the covariant current
in the forthcoming sections.
IV. GAUSS LAW OPERATOR
Before continuing, we want to emphasize again that the operators in the last section were
in the interaction picture of the full theory, and we shall remain in the interaction picture
in this section.
7
The Gauss law operator G implements time independent gauge transformations and








































































where we dened the consistent (G) and covariant (
e
G) Gauss law operators. Here A
1
(x) is













































Further, we are able to reproduce the Fujikawa relation [40] that relates the commutator of
























































































where we used (45) and (36). This result is equal to the consistent anomaly (5) of the
introduction up to a local (but Lorentz-noncovariant) counterterm.
Next let us turn to the covariant Gauss law operator. First we observe that the covariant
















































)] = 0: (53)

























i.e., it is minus the consistent Gauss law commutator (51).

















































))] = 0: (55)
Therefore, at least for the external eld problem, the covariant anomaly cannot be inferred
from a covariant version of the Fujikawa relation.








)], when we treat A

























































which is precisely the covariant anomaly (6). This shows that in ETCs the consistent and









), as G(x) does not depend on A
1
). However, we shall
continue to treat A

as an external, nondynamical eld.
V. TIME EVOLUTION AND HEISENBERG CURRENT OPERATORS
In the sequel we shall assume that the gauge eld A








(x) = 0. The time evolution operator is given by (see [26])
U(x
0



































































































The perturbative expansion of the time-ordered exponential into ordinary exponentials in





) is a c-number for all times. Therefore, (57) is an exact result [26].
9




















































First, let us prove that the currentNJ
+
is indeed the consistent current. Within perturbation
theory, the VEV of the consistent current is dened as the normalized functional derivative

















] = h0; out j in ; 0i = h0; in jU(1; 1)j in ; 0i: (62)
In our case, j in ; 0i is just the Dirac vacuum of the free theory, and A

(x) is now interpreted









(x y). We nd e.g. for (=A
0
(x)) (using
again the BCH formula)
1








U(1; 1)j in ; 0i =
1

















































j in ; 0i =
1






















(y)j in ; 0i

1








































































































). Actually, the derivation (63) remains the same for general in and out






holds for all S-matrix elements.














































































This result precisely coincides with the consistent anomaly (52) of Section 4.
Now we want to discuss the covariant current operator in an analogous manner (here we
just review the discussion of [26], where the covariant Heisenberg current and anomaly were
already derived).
All the fermionic operators of Sections 3, 4 were Heisenberg operators of the free Hamil-
tonian NH
0
, therefore all the additional parts of
f




























































































































































This is precisely the gauge and Lorentz invariant result (6) of the introduction.
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VI. TIME EVOLUTION OF THE GAUSS LAW OPERATORS
In Section 4 the Gauss law operator was dened in (50), and there the gauge eld was
treated as a function of space only. For the time evolution we need a generalization to

































(x   y). Obviously,
(x
1






)) to space-time functions.
We are now in a position to compute the time evolution of the Gauss law operator, which

























































































































































































































































I.e., under time evolution the operator (x
1
) acquires a contribution proportional to the
fermionic current operator and a further contribution that is a nonlocal functional of the
















)]] double commutator (what
we mean by \trivial" and \nontrivial" will become clear in the sequel).










































































































































= : : :  0; (81)









] term. Therefore, the commutator (80) remains unchanged under time evolu-
tion! This happens, because the time evolution U
y
U of  contains two nontrivial pieces
that give nonzero contributions to the commutator (81), namely a piece containing the
fermionic current NJ
+











)]], (79). These two nontrivial contributions to the commutator precisely
cancel each other and make the commutator (81) vanish. There is another gauge eld piece
in U
y




)] commutator, (78), but this is trivial and gives no















)  0: (82)
The time evolution of the consistent current was already derived in the last section, therefore


















































































Therefore, we nd that the commutator of the Gauss law operator as well as the commutators
of all its components remain unchanged under time evolution (see (51)).
Now let us briey turn to the covariant Gauss law operator. The covariant time evolution
operator
e























































However, this additional term, steming from a phase factor, cannot change the commutator.
Therefore, we nd that for the covariant Gauss law operator, too, the full commutator as
well as the commutators of all components remain invariant under time evolution.
At rst sight, this result may seem surprizing. After all, it is a wellknown fact that
the anomaly in anomalous gauge theories is related to a nontrivial action of the functional
derivative (=A
1
(x)) on the fermionic Fock space [28]- [31].
But we shall nd that we precisely recover these features within our approach. Let us
























) in the Gauss law). Analogous to (76) it has the












































































































The essential point now is that E(x) has a nonvanishing VEV
hE(x)i  h0; SjE(x
1
)jS; 0i = h0; IPjE(x
1









where the transformation from Schrodinger to interaction picture acts, of course, trivially
on E(x
1
). In our case the Heisenberg vacuum is just the Dirac vacuum of the free theory,




































I.e., only the nonlocal gauge eld part of the nontrivial time evolution U
y
EU occurs in the
VEV, whereas the fermion current part has zero VEV. Now the procedure in [28] consists




) +A(x) ; A(x) :=  hE(x)i (89)
As E(x
1
) is just an ordinary functional derivative,

E(x) may be interpreted as a covariant







), where f [A](x
0
) is an arbitrary functional of A

. A






























) is solely determined by the double commutator contribution to (86) (the third line),














symmetric part is a pure (functional U(1)) gauge.
When we use this new, covariant functional derivative
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This means that the Gauss law operator

e
G(x) itself is gauge invariant. Completely analogous












NH] = 0, the full theory (including the gauge eld) may be
quantized. This was done in [28], and the resulting quantum eld theory was found to break
Lorentz invariance even at a physical level. However, this discussion is beyond the scope of
our article, where the gauge eld is treated as an external eld throughout.
The main result of this investigation that we want to emphasize again is the fact that the
nontrivial VEV of the \eld strength" E, (88), and the resulting functional curvature (90) are




























) = 0: (94)
VII. SUMMARY
We have discussed all the anomalous structure of chiral QED
2
by applying the formalism
of canonical second quantization to the fermion eld. The introduction of the Dirac vacuum
and normal ordering, and the resulting Schwinger term in the current-current commutator
15
were the essential steps in this procedure, and the consistent and covariant divergence and
commutator anomalies are just consequences of these fundamental concepts. By splitting
the fermionic Hilbert space into positive and negative energy sectors w.r.t. the free and
kinetic momentum, respectively, we could identify the consistent and covariant currents and
anomalies (where we used the results of [26] for the kinetic normal ordering and covariant
current).
Further, we computed the consistent and covariant Gauss law operators and the com-
mutators of all its components both in the interaction and Heisenberg pictures. We found





)] = 0 remains zero under time evolution. This is compatible with
a nontrivial VEV hE(x)i 6= 0, because the time evolution of E(x
1
) contains two nontriv-
ial pieces (a gauge eld piece and a fermion current piece) that cancel each other in the
commutator.
In addition, we found that the consistent and covariant time evolution of the \eld
strength" E(x
1




), only dier by a
trivial term (a phase in the time evolution operator). Therefore, we obtained the same
results for their consistent and covariant commutators.
Here, of course, the question arises what can be learned from our computations for more
dicult chiral gauge theories. For chiral QCD
2
it remains true that normal ordering is
sucient to render all operators and VEVs nite. E.g., the time evolution operator may be
computed analogously to (57). The perturbation series does not terminate for chiral QCD
2
,
but only the rst few terms are relevant for anomalies. Therefore, an analogous discussion
should be possible for chiral QCD
2
, and it should lead to analogous results (see [27] for the
covariant current and anomaly).
On the other hand, for d = 4 the situation is more involved. There, even after normal or-
dering some operator products remain singular and need regularization. This regularization
has to be performed e.g. for the time evolution operator and prevents a direct applicability
of our simple computations and conclusions.
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